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0930l 3@ semds. ggbJ3ool sbogoby® ngolgdgdoby Egmopols
35M©5J3bols bgasgmgbol glfogems do@mImboygeo sbsgobols g@-
0g®m0 360T3bgmmgsbo  sdm3obss. 538 dods@mygmgdom  3gemgzols
bogobo ogm Fgdpgyo m®o dodomswo Lsgombo: 1) Jglsdmgodgaos
07 5®> g9bJ30ol 5350708 sbogobydo mgolgdol dow{ggs Im-
(393980 Bo3ol 3gmeEols ga®Esddbol 33dggmdom? 2) dmym@o
(3300l AomEsddbgdol dodosdo 0bsmhgbgdl gybdios sdsmeod
Sbogoby® mgoligdsl?

50b0dbyge sIm35bgdmab ©s353TdoMgdom, 03 Ygdmbgggsdo, Mm3s
39643001 sbsgoby®mo mgoligdol dmmmPo somgds gymogl oy m-
bmdgd®ogmo 37300305 mobsds®o ob SdLm@yFg®o jOgdsEmds,
bo@m (3g@o0l gs®Es]dbgdoe asbobomgds Gm®ols 3mdgmdmm-
1013960, dJogdgmos 3. dm@ol, o. dg@aobyols s 3. dgmbmbols,
o, menggligols, g.m3. 3odsbols ©s 0. 3o3bgebmbol, o. Losgosbols,
9. xg03obs o ©. YmEgMIsbol, o. dogMIFo0bols s ©. YmEg-
®3dsbols 60Tgbgemmgsbo Vgegygd0. B9b30ol oggMgbiosE ™o
03093950l Jop{ggomds s Ygbodbhsbgds 3mdgmdm®megobdols dm-
J9ggd0bsl Ygolifogmgomps g. d®y3bgmols s 4. dmydsbol,
d. @sY3mgohols s ©. 3Ms0lol JMmmdgdTo. bgdmswbodbayeo Vg-
093900 dodm3gdgmos s.memgglgol [11] dodmboggom bsdOmIBo
©S g dmgdsbols, @. boBogmsls s ©. gmEgMdsbols [4] Bmbmg®s-
105To.

dmogomo  33mool xodgdso gubjiool mgolgdgdby Logm-
M®OEobs@m mg@mdgdol Yg@hggol (oby 3gmool 03 domEsddbols,
MmIgeo3 Ipymds@gmdl Imdb®gbgdsTo) bgyogmgbols jgmggs obo-
(30Mgogmo 0gm o. boadybools dogm, 3g®@dme, dol dogm sbdygmo
30mdmagdom dmomybgools 39dggmdom dmogMse ©oggMmgbomgds-
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> bbgopslbgs >b®omn Lol®gmo goMosiool gensbobo@do do-
39036900l m30Lgogd0l dJom{ggomdols s Fgbosmbybgools sdm-
(356900 Ygolfogmgdmes x. Fo@OLGHMSbEOL, . m3gl-dgmgmmls,
o LEmgmmmbol, .. mbosbol, 3. gxalzg®odol, . go®oygmo-
sbols, 3. oshgbgmbs s ™. ASHMTsblLgols dOm3gdTo.
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oligd@sool dobsbo. dJmo@abgdols (g.0. Lsgmmmd@obs@m wgmdg-
dol Ygmbggol) dgdggmdom 0bFgy®dsmols ©oggMgbEo®gdopmdals
dom{g3o0mdols dgbobgd boadybeols sdm3obol glfogms dsbol-
0> boyoo gmslgdobomgol; dmd®ebgdolsl 0b@ga@sgmols oy
M9b(30Mgos0mbdol mgolgool Ygbs@hybgdol Lsgombol godmggenggs
dOsg5=5bbmdoggbdosbo 0b@Ggmgomgdoliogsb Ygopgbogo dg@ols
303500 0635M05bF @0 d5bolgdolomgol; 0d goblsggm®gdygmmdg-
b0l Ygbfogms, mmIgmoi Fgodmgds dJmbrpgl goJlomgdge go9-
6J3osl Logmmdpobs@m mgmdgools Lbgswabgs dgmbggolsl, dmzg-
g0 d5bolol dodomo 0bFHgy®omol ogxgmgbxo®Mgdsmdols mgs-
@bob@obom; @gdgy-bEomEoglbols Lobygms®ygemmo bmdgdol ©o-

R909b30sY®0 mgolgdgdol Yglfoges.

3866086'{]@0 bﬂéh@a.

1) 3mdmmngBool dododmm  0bgo@osb@gmo  d3bgdsab-ggmgmols
b5bolgool gemslolbsmgols dmzgdgmos . bogdygbools sdm-
(3560 gos(Y39®)s, 3gMdme, sEgbomos, MM my swbod-
bg@o Godol dsbobo s@SLFHSbEs®EPmos 0d yoggdom, dmI
S 5089M96(30M90L Ms0dg xodgoso BYbdiools 0b@dgy-
Mo@ls, 35706 3m0dgobgds g9b6JE0s, Mm3mols 0bdgy®smols
©0ggMgb30Mgdsmds Jogm{gggmos dmd®abgdgools d9dgg-
®md0m;

2) 3@ogompobbmdogmgdosbo  0bGgmgomgdoliogsb dgoygbogno
dg®ols dodo®mm 0bgo®Mosb@ygmo bgdoldog®mo s@sLEsbps®-
BP0 dsbobobomgol Esygbogmos, M®I ImdMYbgdolsls
063 9M5mol oRIMgbEoMgdsmbol mgoligds Lobmyswme
>0 bo®hgbrgds;

3) 9gdm@gdgmos Lobygmsmrgm dJmdmgbgdsms Loddsgmggdo.
9L Lod®ogmggdo sloboggb 0d oblsggmmgdagmmmdgdl, dm=
degdoi Vgodmgds 3Jmbegl goJlomgdgm g3bdiost Lo-
3OOOEbsGm mgmdgdols Lbgswobgs Ygmhggolsls, dmzgdy-
o d5bobol B0dsMm 0bFga®Msmols oygMgbizoMmgdsmdols
0go@bsb@olom. pseygbogos Lobygms®yge dmdmybgds-
0o LodMsgmggdols Fm3mmmaogdo LEOYJGYOs.
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4) mO5bmBoggdosbo  0b@gmgomgdologsob dgoygbogo dg-
@0ls 303500 0bgo®mosb@gmo bgdoldogmo s@SLESbLsME Y~
o Lodgd®ogmo d5bobolbomgol @obsbosmgdygmos oMo

9398 9L mgmoo Lobyygmemgum Jmd@ygbgdsms Lod®sgeg-
9%0;

5) m@yobbmdoggdosbo 0b@gmgomgdologsh dgeygbomo 3dm-
domg@ools 303500 0bgoMosbGHymo s d9bgdsb-ggmmg@ols
bg00L30g®M0 s@SLESbEsOGH Ym0 Lodg@Mogmo dsbololbom-
30l dm3gdgmos Lobygmodmygm dmd®dgbgdoms Lod®sgeg-
950l Legmo oboslbosmygds;

6) EoEygbomos, MmI Lobygmsmgm mgdgy~-lGomEogbols bem-
3901 s®s 530 LoFgsmmgdols momJdols yggemysb bymolo-
396 3®gdomdols mgolgods s@3 gomo dg@ols dods®m obgs-
056G Y0 5OSLEGbEIOF Yo dsbobobomgol.

6590mdol 830mds(308. ©obgMHS300L Fggagdo dmbligbgdgmo of-
bs og030 (g@goeols Lobgandfogm ¢gbogg®@lodg@ol domgds@ogzol
©9350F>dgbBHol Lodgisbog®m Lgdobsmby (bgmddwmgobgmo - @M.
3-d- mb0sbo), Lodsdmggmmls domgds@ogmbms gogdomols V. bogm-
05Bm@obm  3mbggmgbzostby (dsmydo, 2014, 8-12 Ugddgdog®o),
bsdommggmml dsmgds@ogmbms 3og8omol VI LogdmsBmmobm gm-
639mgb30oby (dsmydo, 2015, 12-16 ogeolo), Jo@mngm-d3909®
3mbxgmgbz0obg ~ "sbogmobo ©s obsdogg®mo Lodgdgoo" (mdomo-
Lo, 2015, 15-22 ogmolo), sgogdogml 1.3, bogmabzol 110 {aoo-
Losogolowdo dodwgbogn Log@msTmmobm 3mbggmgbiosby - "gybd-
3090 Log®mzggo0 s> gybiosms dosbemgdol mgmmos " (dmb-
3030, ®@3lgmo, 2015, 25-29 3s0lo) ©s 3Mmg. g.o. Lggm®Emgol 80
Feool ogdogglsedo dodwgboen Lsg@msdm@mobm 3mbeggmgbzosby
= "3o®dmbogeo sbomobo s 0bFgy®omol mgm®os " (dmbgmgo,
agbgomo, 2015, 23-24 by@gddgmo).

39d@ogs308. olg®@Eo300l mgdsby odmdggygdgmmos gdglo 6oD-
®m30, MMdgems hodmbsmgsmo dm3gdgmos 533MMgagmsGols dm-
e,
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oligd@s3ool dmznmmds s bY@ Ps. olg®@@ozool Jmizy-
mmds 80 a39Mos. oligM@eEos Fgpgds dglsgmol, gdglo 35—
@ogM580ls s A5dmygbgdgmo 0@ gMsGyg®mol hodmbosmgomolisysb.
d0dmomy@sgos Fomdmeagbomos 32 sbobgmgdom.

Qohﬂﬁ)@oanoh ‘Dobssm o

YgImgo@mn bmaog@mo goblsbmgmgds s gogoblgbmm bmyo-
9000 Ygegao 0bGgyGsmmns oxgMgb30M ool MmgmmooEsb.

R™ Log®m3gbg goblobmgoga B sbobgel gfmegds @oggmg-
b3oMmgdols dsbobo, oy ymggmo z € R*"-logols B(x) s®ol z-ob
993339800 gdmbobg@magmo, bmdoo s oEgdomo bmdol IJmby
Lodmsgmgms mxsbo olgmo, ®m3 dmodgdbgos Ry € B(z) (k € N)
d0dpgz®mds mgobgdom: lim diam Rj = 0.

k—o0

f € L(R™) gg6dioobmgols

D = D = lim
diam RHO diam R—)O

®03bggol gfmegosm [ ggbdaool 0bHga@smol byes ws J3ges
Fomdmgoagmo = Fgm@omTo. oy dgos ©s Jggos Fomdmgdgmgdo
900 dsbgmols Bmenos, 35Tob dom Log®mm d60T3bgmmdsl gfmwgds
f-ob 0b@ga®ogols Fo@dmgdygmo = {goBomBo ©s o@obodbgds
Dp([f,z)-00. 308g300, G®d B dsbolo swogg@mgbcomgdls [ f-,
oy Dp([f,z) = Dp([f,z) = f(z) o.g. = € R"-bogol. og gl
9356536900 Lods@mmemos X genslols gmggemo f g9bjioobogols,
35906 30Bygom, ®mI B s00xg®gbiomgdl X geosll.

25b3Lsbmgmmm Q = Q(R™), I = I(R") @s P =P(R") ds5bolgdo,
®HmIgenmomgolis(s:

e Q(x) (z € R™) Ygpgds -0l 993339800 ygges n-gsbbmBogng-
30560 @05 33d9®0 0bEg@Mgomoloysb;

o I(2) (z € R") Ygppgds -0l 993339800 ygges n-gsbbmBogng-
30560 @05 0b@gMmgomoloysb;

e P(z) (z € R™) gp90s z-0b 93339800 yggems n-a56bmdogng-
d0560 @os JoMmmygmbgoolisgsb.
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Y93606mm, Hmd Q s I 65bolgdols Bodomm ©oxgMgbE0MgdsL,
YgLodsdobo, gfmegds Bggumgd®ogo ©s dmog®o oxgmgbio®g-
do.

Q, I ws P d5Boligdols Yglobgd (3bmdognos Fgdwgao g7bosdgh-
Ba®o Igegpgdo (ob. [3]):

3909001 d5bolo Q s@0gg®gbiomgdl L(R™) 3ensbls (s. aogdgao,
1910);

06 g@gomgdols dobobo I sEoxgmgbiomgdls L(1+In* L)"fl(R”)
3ol (3. 0gbgbo, 0. do®30b3930h0, . boadyboo, 1935);

0b@gmgomgdol dsbolo I o® spoggmgbizomgols L(R™) esbls,
98O 39303, 1 o® seoggdgbzomgdl L(1+Int L)" 1 (R")-by 99-
Om FoOOm 5OG3 gHm 0bFga®ommy® gasll (L. bsJbo, 1935);

3500 39mbggdols dsbobo P o® s@oggdgbizomgdls L°(R™) N
L(R™) gaosblsg go (o bogdgbeo, 1927).

B 35%0Lobmgols B-oo o@ghodbmm B(z) (z € R") mxsbgdols
3°9M005690s.

B 35%0LL gfmpgods:

dz3m0ls B0do®m 0b35M056F 7m0 (Bmymge, TI1-55%olo), oy B(x) =
{r+R:R e B(0)} gmggmo z € R"-bmgols;

dmdmmg@ools d0doM0  0bgoMosb@gmo (dmygmago, HI-d5%obo),
0y gmggmo x € R", R € B(x) s H 3dmdmmydoobsmgol 396@@0m
x=B0 335J3L: H(R) € B(z);

Vg gbogo A 4aoslols Lod@sgmggoolysh, oy B C A;

SdmbbgJogo, oy ol geygbomos 5dmbbgJogmo Lodmsgmggdo-
Logob;

339%9356-g9emg®ol, 0y ol dgygbogos @os LodMsgmggdologsb
s Legmegds 99dpgyo 3ommds: (z € R", R € B(z), y € R) =
R € B(y).

Ygdmgommn Ygdegao >@bodgbgdo:

B -~ ygges dg@mol dodsdn 0bg5M05bF gm0 dsbolol ganslio;

By -~ ygges dmdmmgBool dods@m 0bgsM0sbFgemo dsbobol
gesbo;

Bpr -~ Yzges 49bgdsb-ggmgmols dsbolol genslo;

BN — gobo gggees 03 dobolols, dmIgmoi o@ soggmgbzo-
®90L L(R™)-L.



993603bmm, d™I g B € Br N DBy, 35Fob B € By (ob., 3oy,
[12, Ch. I, §3]).

B 35%0LL gfmegds B d3sbolol Jggosbolio (spbodgbs: B C BY),
oy B(z) C B'(z) gmggemo x € R"-bmgol. B dsbolobmgols B p-mo
sgb0dbmmn B-U yggms J3goobolols geoslo.

B 35%0Lol glsdsdobo 3sflodsgmgmo m3g@ms@mmo Mp s §o-
339000 doJLodsmy@o ®3g@sdm@o MY (5 > 0) asbolob@g@gds
V9 gabso@asg:

Ms(H@) = s o 1f)

ReB(x

M@ = s [

ReB(z),diam R<§

Lo f € Lioe(R™) o € R™

993603bmm, ™3 09 B s®0l dg@ols dods®mo 0bgs®osb@ o b
09bgdob-ggmg@ols 60000130, 35>30b bgdoldogmo f x3bdiEoolmgols
Dy ([£.), Dy (J£.2), Ma(f) o M3(S) gabdiogdo s60sh bo-
dogdo (ob., 3op., [5] sb [12])

J399mm gggemash dohbggmos, dmd R"™ LogmEol gobbmdoggds
d9B0s> 9O0by.

B 35%0Lobmgols Fp-mo s0gbodbmm gggms f € L(R™) ggbdio-
ol geoobo, ®@m3mol 0bFga®smo ©oxg®gbioMmgdswos B dsbolol
dods®o.

'y =00 s@gbodbmon R™-Fo yggms dmdmgbgdols mxsbo.

308y30m, ®m3 f gubj3os 800ygebgds F gemsliBo 3gmowol
ao®Esddbom, oy foy e F.

©obg®HoE0s Fgagds gdabo 3smsy®msgoliysh.

30039 3oMoa®MoxTo gbfogmomos o. bogdygbpols sdm3sbs o=
3OMOEobsGm mg®@dgdol g@bggol 39Tggmdom (g.0. 3gmo@ol go-
M©sJdbom, GmIgmoi Fo@dmawygbl dmd®mybgdsl) gubjiool mgo-
Lgogdol gogdxmdglgdol Yglsdmmgdemdbols dgbobgd.

33ools omEsddbols 39T3gmdom ggbdiEool mgolgdgool o=
9dxmdglgdol Yglsdemgdmmdols glsbgd Logombl ozl Lsgds®o-
Lo 3poes®o ol@m®os. dmdgmdm®maobdols dmddgogdolsl gagmogl
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B®ogmbmdgB@ogmmo IF 30030l ymasdi3gzol yogdxmdglgdols 9g-
Lodengoemmdols gbebgd (3bmdogos 3. dm@mols, o. menggligols, g.-3.
godsbols @s 0. 3obgemlimbol, o. Losgzosbols 3b0dgbgenmdsbo g-
©939%0 (ob., dsp., [11], [4], [18]).

069050l E0xgMgbaoMgdol mgmm®osTdo bgdme s@bodbyeo
Logoobols gliffogms @sfygdgmo ogm o. bopdybools gdpgao sdm-
@3dbom (ob. [5, Ch. IV, §2]): dglodemgdgmos oy sds bgdobdog®o
f € L(R?) qg96Ji05 80ygsbogno 0fbsl F gansbBo Lsgmm@oobs@m
©g®dgool dmd®ebgdol dgBzgmdom?

do@LE®obds [10] golis gomymzomo 3sLgbo 53 jombgsl, ssym
@ sOsgs@gmgomo f € L(R?) ggbjgos obgmo, @md fovy ¢ I
bgdoldogmo v € I'y 3mdb@ygbgdobmgols.

o. boadgbol s3m356s bmaswo slidom Fm®Igmmomgds Tgad-
©gab50Ms@: gmdgom, B smol dgdol 303sMm 0bgomosb@yemo o=
bolo, MmIgmoE 5@ s0xgmgbizodgdl L(R™) gmsbl. s®lgdmdls
oy sts f € L(R™) ggbdios, dmdgmon Bggdmgdgemos doggs-
bogn 0dbsl Fp geoobdo Lsgmmdpobsgm @gmdgéol dmdmgbgdols
d993gmd0m? &3 Jods@mmn g gdom (3bmdogmo Ygegagool Hodmysmo-
dg60bomgol gdmgommo bmyog@mo goblsbwgmgds.

dg®ols d0ds®m 0bgomosbGymo B dsbobobmgol g.3. mbosbols
dog® (ob. [12, Ch. II, §1] o6 [13]) Ygdm@gdymo ogm Tgdogayo
Babdcoo:

=— M5 (xv) > A}

op(A) = lim lim A

(0< A<,

oo Ve ool gomdpobsgoms bosmseggdo 9b@®ols 3Jmbg & o=
©oglosbo dommgo. o s Jggdmm yggmash xg s@bodbsgl E Lo-
dmogmols dobsbosmgdgen ggbdiost. op-b gyfmemon B dsbobol
bggogeo dmo®mBogdols ggbdios.

>gogo Fglodm§{dgdgmos, Gma:

1) o B € B11 500l s3mbbgogmo d5bolo, 3580b Mp(xv.)(x) <
Ce/dist(x, V) (x & Vae) Fggsbgdol (ob. [13, @gds 1]) 35T3gmdom
3>J3b:

=— {Mp(xv.) > A}

UB()‘) :Elg% H/s‘ )
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2) 0y B € 9B N By, 35T0b

op(A) = {Mg(xv) > A},

oo V' om0l gomggmmgsbo d0@mgo (9.0. gom®Eobsgoms Loms-
3970 396¢®0L dodmgo 1-0l Gmmo Gspoglom).

dg®ols d0do®m 0bgo@mosb@Gymo B d5bolobmgols . com3gli-3geg@md
[9] Fgdmomm Lgg@gmo Ims®mPogdols g9bJzool gdwgao bybdo
35M05bG0:

N M ) > A
75(}) = lim =57

0<A<).

5Ygomss, GmI
op(A\) <op(A) (0<A<1).

30099300, ®®d o : (0,1) = (0,00) ggbd30os 5@l sSOoMga s

G0, 0y
lim Ao(\) = co.
A—=0

n > 2-bogol I -mo (2 <k <n) s@gbodbmm dsbolio, OmIgo-
bogolbs I (z) (z € R™") Ygopgds x-ols 9933339800 ggges ©os
n-gobbmdoggdosbo 0bFgdgomoligsb, Mmdgmms y39®Egdol Lo-
39900 ©gogEmdgh sMogdgBgl k£ Lbgoolbgs 36033bganmdsls.
Y93603bmm, @md I = 1.

B 35%0bobmgol Sp-00 s@gbodbmm yggms s@ogsmymyzomo f €
L(R™) gabd3ool gamasbo, @mdgmasmngobsg Dp ([fov,z) = oo
00w Jdols yzgmash gmggmo v € I'y-Lmgol.

o, bEmgmmmbol [19], 8. @m3gl-dgmmgamlb [9] ©s a.3. mbosbols
[12, Ch. II, §1] (ob. sULggg [13]) dogm, Ygbodsdoloe, wowygbomo
0ge 9990900 RYOIRISYO0.

0gmegds A. ymggmo n > 2 s 2 < k < n-lLogol SIZ geoslio
SMS(35M0 0.

ogmégds B. g dg@ol 803500 0bgomosb@gm B d5boll o3l

SM3Mgagmmsmgmo  bgbdo Lygogmo dmesmPogdol ggbjios o,
3530b Sp gmobo sMs35M0geos.
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mamﬁ)aﬂa C. oy dgmol 30do®mm 0bgs@0sbBge B doboll ofal
SM5MgA Y@ gmo bgg®gmo dmesmPogdol g9bdios op, 35Tob Sp
gobio s@s3oMogeos.

ggbodbmm, @md op(A) < op(A) o arp(A) > cx 1nk_1% Yggo-
bgdgd0sb godmdEobs®gmol Jgdwgao 0d3moys309d0: mgmmgds C
= mgmegds B = ogm@gds A.

V930930 mgmmgds 0dgmggs 3oLgbl bogdgbeols 3obbmysgdgm
Sdm3obsby Brr N By N Brr dobobms gensbobsmgols.

ogoimgds Ll oy B € Bpp N By N By, 35Tob Sp gmoobo s@sis-
MH0genos.

ngmegds 1.1 3@303g0s mgmmgds C-L asdmygbgdbom Ygdwagyo
wgdob Logygdggmby.
@gds L4 oy B € Bpr N By N By, 35Tob B 35BollL oJgl o@o-
M9 39050 gm0 bggogmo 3msmPogool gabdios.

dgmeg 3oMog®exdo YgLfsgmomos oggmgbomgdso 0b@Ggy-
@oeols 3jmbg ggbdiEosms 3esligdol 0bgsMmosb@gmmdols Lsgombo
dmd®bgdgo0ls dods®m.

3530 sbogmobymo mgolgdol IJmby @ubiosms gemslo Ygod-
090> dogmosh dMmdbmdosmg ogml (3geeol yomEs]dbols dods@mm.
3°30blgbmm 53 Godol Fgegpo, O®mIgmoi gggmgbol o. dgdao-
bal s 3. 3gebmbl [1]: godgom T s@ol gomggmmgsbo {@gfomo
333 Jbgm LodmBygby s A(T) s@ol T-by aoblobmgmgemo
dgaase> af93000 B9bIGo0b gmobo, @mIgmmei sfzm sobmmydhiy-
Mo 3Mgdo00 Fg®ogl GH®oambmdg@®oygmo IF3®og0. v : T — T
3m3gm3m®gzgobdologol agsgl, @md f € A(T) = foy € A(T) 3590b
s dbmmme 35P0b, 07 v G0l Fgdpgao Godob: y(e) = eilkt+a)
oo k€ {—1,1} @o a € [—m, 7.

B96Jzosms F 3esll gfmegds 0bgs®mosbGgmo 33ms@ols aom-
©sJdbsms I' ganslol dodsdm, oy (f € F,yel)= foye L.

slg, ®@3 A(T) geosbo 0635G056Ggmos Ibmgame Imd®gbgdgools,
Vg9 gdol s domo jmd3mboiogools dodsdm. 3g®dm, s@lgdbmdl
©0ggm3dm®xg0bdo 7 : T — T, @mdmols 30dsmm A(T) osmss 0bgsto-

Sb@gmo.
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dmogomo 330l §36d30960L mgoligdgdols wsdmogdgmgds
bogmm®eobsgm @g®dgdol Jg@mbggoby (9.0. LEbpsMEGHPmo m@-
0mgmbosgag®o Logmmmeobs@m LobEgdol dmdmgbgdsbg) dgolffs-
g gdmes bbgosolbgs sg@m®gdols dogm.

o @98bgg®modol [8], a.3. mbosbols [14] ©s o LEmgmemmlols
[20] Dgegpgooesh as8mdpobsmgmdl, @md F1 geslo s@sobgs-
M05bFgmos  3gmool §Mgogo asmwsddbgdol dodsdm, Jg@dme
dmd®9bgdgools dododmm. sbogmpoygdo Yggao ©oEagbomo oym
M.00530356L305 8og® [2] m@o ggmewol 9Fy390 BYbJGosme
gobobomgol, Mmdgmmsi ofgm 3Moblidgodol sbmom momddols
43052300 gdgdoro gy@ogh 3 3Mogo (ggMogl 0bigy@ogo).

M®256bm30g gd056 VgdnbgggeTo g. goMoqgosbds [6] sswyo-
bo I d5bobol dobgpgom oxggmgbEo®mgosEmdols mgsmlsb@olon
03 25b6Lo3790®gogmmdgdols LOgo sbsbosmgds, Mmdgeoi Jgod-
agds 3Jmbegl goJlomgdgmo ggbdiool 0b@gademl Lsimmmwo-
bo@dm LolEgdol Lbgowslibgs s@hggolal. 53 Logombols d@sgompsb=
bmdoggdosbo sL3gd@o Ygbfsgmomo ogm a.3. mbosbols dogm [15].

3. ©oohgbymd [3] asbobogs Lbgs@slibgs sbMom Lob®mgemo goto-
5300l ggbJizosms m@ysbbmdomgdosbo gasligdol I'e-ols dodsmm
0635M05bF gemdol sdm3sbs.

dmdm9bgdol dJododm F1 gensliol s@o0bgo®0sb@Fgemmdols dgog-
30 9godegds 3o3Mm3 gl Logdome bmyowo Godol d5boligdby.
390dmE, Lodo@mmgosbos Fgdpgao mgmmgds.

mamﬁaao 2.1. 0Y B € B1N B N By, 35906 Fp JQOBO SMSS
0635M05bF g0 dmd®M7bgdgools d0ds®m, PR®m Ig@oE, sOLYdmdl
s®sgs@mymaomo f € F1 ggbdios olgmo, dmd fovy ¢ Fp @mdgmo-
o v €Iy dmddgbgdolomgols.

89360bmm, ™3 0y B s0oggmgbiomgdl L(R™)-l, 3580b 8md-
9698950l dodomm Fr gmsbol 0bgsMosb@gemmdols Lsgombo G®o-
30SEYM0s. 39MdmE, 07 3530035 0lifobgdm, MmI Jmd®ybgds bm-
dol Ygdbobogo sLobgss, wegolygbom Fp-l 3md®mybgdgdols dodomm
06350056 Peomdsbs.
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dgbodg 3oMopa®oxdo Ygdmmgdygmos Lobygmodygmo dmd®ebg-
b960L  Lodmogemggdo s opagbomos bmaogmmo Ygogao dsmo
LA B g®ol globgd.

g3odgom B s@ols dsbolbo R"-Bo s v € I'y. B dsbobol -
dmd®9bgds 2ob0lobwgmgds gdpgabso®ag:

B(y)(z)={r+~v(R—=x): R€ B(z)} (z€R").

5399350 B dgmol dodomo 0bgo®mosb@ygmos. d5Tob spgogmo Yg-
Lobdm§agdgemos, Mm3d "dmd®ybgdgmo” f oy ggbdiool 0bdgyms-
ol 0ggmgbEoMgdsemds B dsbolol dobgogom z {g@@Eow Do,
0330329609005 f ggbJ00l 0bHgp@smol @ogg®gbEomgosem=
d0bs "dmd®gbgdgmo” B(y1) dobolol dods@m vl (x) fa®@omdo.
Bowapoms fov (v € I'n) 89bd30gdol ymasgaagel Bgbisgme B
d5bobol dods®mm Ygodggds ©sgoygsbmm f agbdizool ymasdiggol
YL ogemoby B(y) (v €Th) d5Bobgools 30ds@m.

30dgom B om0l d5bolo By N By N B geosbowsb. mgm®gds
2.1-0L dogmom sOLgomdl gubJios, MmdgmbsE 53l s®msg@mma-
35Mmgobo  ymgsdiggs dmddabgdgmo B(v) (v € T'y) 3sbolgdols
303500, 9850m baloe, [ f s@ss @ogg@gbGo®gdswo B(y) dsbo-
Lol 808560 bmyog@mo dmdE7bgdolomgols s 0dsgr@mygmew [ f
©0ggM9630Mgds0s B(7y) d5bolol 30ds®mn bmaog@mo Imd@ygby-
dobomgols. 53335000, f 396d300lomgol bmao v Imd®gbgds s®ols
"Lobygmo®mgmo” (sMooggmgbzomgdsemds B(7)-l 803s0m) ©s
bmgo ¥ dmd@gbgds oMol "®gygmmomygmo” (©Eogg®mgbEo®Mgdsm=—
3> B(7)-L 308s0m). s35Lmsh @szog90Mgdom dgbgdmogsm oldols
3ombgs: @s Lobols Ygodagds 0gml Lobyygms®agmo s Mgy sy
@0 dmdM7b696960L LodMsgmggdo goJbomgdgmo gubdioolsmngols?
993603bmm, O™ EHsEPO®dols Jmbsb@gdgdol sdm Ygygodmos
Ygdmgoxgsmammmen  Lobygmsmygmo dmddybgdgool Lod®sgmggdols
YL ogmoom.

d@ogMsE ©oggMgb3omgdsemdols 3@mEglol dgdmbgggsdo (g.o.
om@is B = 1) @obdgmo sdm@sbs Ygbfogmomo ogm a. godogy=
o560l [6], a.a. mbosbols [12, 14, 16], 3. @ggbgg®odols [8] ©s o.
bEmgm@embol [20] 8ogm.
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50b0dbyge 53m(3565LMsb ©sgs3Tomgdom Ygdmgommm Lobyygmos-
gm0 ImdMYbgdgdol Lod®sgmols d3o3Mm0 goblsobmgmgds: ©sgyg-
dgo0m B s®ol dsbolo R2-90 > B CT9. E Loddogmgl gfmogds
WE-lLod@sgmg, o3 s@Lgdmdl f € L(R?) g46dios 9g0pga0 @0
ngobgdoo:

fé FB(W) ymggeo v € E-Logol;
[ € Fpy) ymggsmo v ¢ E-Logob.
Ygdmgoemn sbggg "dmog®mse" Lobyygms®ygmo dJmd®ebgdgools

Lod@ogmols goblsbmg@gds: godgom B s®ol dsbobo R?-Fo o
E C Ty E-l gfopgds Rp-Lod@sgamyg, o s6lgdmdls f € L(R?)

3964305 998wga0 mg0Lgdgdom:
Dy ([ f,2) = 00 o9 ymggemo v € E-borgols;
f € Fpy) gmageo v ¢ E-borgob.
Gbowos, Om3 gmggmo Rp-lodmsgmy s®ol Wi-loddsgms.

OmEgbsi B =1, 358mg0ygbgdm @gmdobgol: W s R-Lod®msgay.
R-Lod®ogeng s W-Loddsgeg dgdmmgdgmo ogm, dglsdsdolow,
[14] s [6] YO™8gdTo.

sbans Logombo dgodmgds wogligsm dgdegabsodmsw: dmzgdgeo
B 35%0obobmgol @s Lobol Loddsgemggdo s@osb Wr-lod®sgmggdo
(RB~Lodmsgmggbdo)?

Y930930 Mmgm®gdgdo 335dm 9396 Bm3m@myog®o balosmol sy3o-
@goge 300mdgdl Lobyygmomygemo Imdmgbgdgool Lod®sgemggdo-
Logol.

ngmigds 3.1 bgdoldog®o dg@mol dodo®m 0bgo®mosbHgmo B dsbo-
Lobomgols R2-90 ymggeoo Wp-Lodmsgmyg s@mol Gs, Godob.

ogmmgds 3.2. bgooldog®o dg@ols dodo@m 0bgo@osb@gmo B dsbo-
Lobogol R2-90 ymggeo Rp-Lod®sgmyg s@ol G5 Godob.

W s R-Lodmsgmggdols dgdmbgggsdo, 3.1 o 3.2 mgmmgdgdo

©59 3039090 0gm, Vgbodsdolsw, 3. goMoaagmosbols [6] ©s 3.3.
®bosbols [14] Bogm.
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sbans Ygdmgommn Wi s Rp-Lod@sgmgms (3690960l dgdwga0
3obbmysgdgoo:
godgeom B s H dsbobgdos R"-Yo, B C H s E C I),.
E-b gfmpgds Wi g-Lod®ogmg (Wé"’H—boSﬁ)onga), 07 sObgomdl
f e LR™) ggbjaos (f € L(R™), f > 0) 398pgy0 mgobgdgdom:
fé FB(W) ymggeo v € E-Logol;
[ € Fr(yy yoggzo v & E-bogol.

godgom B s H dsbolgdos R"-Y0, B C H s E C I,
E-b gfmegds Rp p-Lod®ogamg (REH-bOB(ﬁogQ;]), 09 >OLYdmols
feLR") (f € LR™), f>0) ggbjaos mgolbgdgdom:

Dpyy ([ f.2) = 00 o0y, gmggmo v € E-bogol;
[ € Fru(y) ymggemo v & E-Logol.

g B = H, 35806 W 5-bod@sgmol (RE 5Lodmsgmols) boig-
o odmgoygbgdm Fg®mdobl Wg—boaﬁogga (R;g—boaéog;gva).

‘dgbo'dgbs 3.1 3bowos, @I
1) oy B = H, 3530b Wp p-Lod@sgmols (Rp p-Lbod®sgmols) ©s
Wp=lLodmsgmols (Rp-bod@sgmol) (3690900 g@mdsbgml gdmbgggs;
2) ymggeoo WI;H(RE’H)-boB(ﬁogQ;] >0l Wa g(Rp, i)~ bod®sgmy;
3) gogamo Wp.u(Wg i, Re 1, R 1) -bod0sgamg s@ol Wi (W,
Rp, RE)-Lodmsgmy.

‘d9b0dgbs 3.2. VgboTgbs 3.1-0L yomgomolifobgdom 3.1 ©s 3.2 mg-
0099960056 335J3L: oy B s H dgdols 303500 0b35®056@ gm0
d5bolgodos s B C H, 35Tob:

1) ymggemo Wp g-lod®sgmyg s@ol Gs, Godol;

2) ymggemo Rp -Lodmsgmg s@ol Gs Godob.

Ygogyo, 3.1 996033b60L gomgsmolifobgdom obggg dogowgdm:
4mggeno WE’H—bOB(ﬁogQa ©> Ymggemo Wg—boat‘)oac\ﬂa s®ols G5 o
Bo3dols; ymggeo REH—boatﬁoggga ©d> Rg—boa(f)oggr\“a s@mol G5 @o-
3ols.
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ngeigds 3.3. godgom B s H 3sboligdos R?-Fo > B C H. 3530b
Rp 1~ b036Gogmggools (R ;-bod@sgmggdol) s@sgdgdagl ogmsoo
mxobol 35gM0m056g6s 00l Wa r=lod@sgmg (Wi ;-bod@sgmy).

sto@EsMogmo I C I'y o Ey C I's Loddsgenggdobmgol owg-
603bmm: E1Ey = {y107 :m € Ei,72 € E}. E CTI'ys Loddmsgmgls
39Fmomon Lodg@®ogemo, oy E = IIE.

B 35%0LlL R?-30 gfmegds Lodgdmogmo, o B(y) = B ymggmo
v € II-Lmgol. Yg36036mm, @md I(R?) dsbolo Lodgy@ogmos.

9b0dgbs 3.3. godgom dmzgdgmos B s H d5bolgoo s B C H.
3503030 slsbsbos, M w9y B s®ol Lodg@®ogeo, 35Tob ymggeo
Wpa.n (WE,H’ Rp m, RE’H)-bOB(ﬁogQ;] LodgB@ogeos.

dgmoby 3omep®ogdo bodmgbos Lobygmomygmo dmd®ybgdgdol
LodMsgmggdol bmyog®mo geoslo. domgdygmo Ygogagoopsb go-
3m30bs®gmdl Lobyygmsmygmo Jmd®ybgdgdol s@oygdgBgl mgems-
0 LoddMsgmggdol obsboomgds Lodg@®oygmo dobolgdolbomgol
SBI(RQ) NB11 N BrL geosbowsb.
nge@gds Al godsson B € Byrey N By N By, 36Tob  gmggemo
>®59393 gL mgmowo E C I'y Lod®sgmobmgol s dobo dogpsdmms
gmggmo (Vi) 803g30mdolbogol, s®lgdmdl s@sgs@ygmgomo f €
L(R?) g96J3os olgmo, Gmd:

1) gmggmo v € E-Lmgols, DB(v)(f f,z) =00 0.3

2) gmgagmo k € N-Logolb, f € Fyr,\mv,). 9900850, gmggmo
Y & Mhzy TVi-bogob a35dgb: f € Figy);

3) o v € I'a-Lmgols 53(7)(f f,x) = 00 Logmegds M508y ©5-
©g6000 bmdol Lod@sgmgbyg, d5Tob 0yogg 30Mmds Lods@mnaosbos

0onJdol yggeasb.
dg0ga0 4.1 godgoo B € Bypey N By N By d>Tob:

1) gmggmo s®s939@ gL mgmswo Lodgd@ogmo E C I'y Lodmsgmy
s@0l Wi =bod@sgmy;

2) gmggmo 5@5939Bgl mgmewo Lodgdmogmo Gs Godols Lod-
Mogmg >®ols REI-bOH({)ogQ{].

3.1 o 3.2 wgmmgdgdols omgsgolfobgdom 4.1 Ygogaowsb do-
302900 99909y IO Y gdSb.
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dgga0 4.2. godzsm B Lodgh@ogmo dobolos Byge) N By N B
geoolo@asb. 35Tob:

1) 5059338 9b mgmoo E C I'y Loddsgamg smols Wi 1-loddsgemg
(WEI-bOB(ﬁogQa) d5dob o Ibmgme 35Tob, dm@Es E scdols Lo-
daH®0gso;

2) 5593939l mgmopo E C I'y Loddsgmyg s@ol Rp 1-Lod@sgmy
(RE,I—bOH(ﬁo{;Qa) 3590b o> Ibmeme d5Tob, dm@Es E s@ols bodg-

B®ogmo s G5 Godob.

0gmmgds 4.1-sb samgmgg doowgds Vdpgao ©gdPEgds.
gega0 43. godgoo B € Bre) N B N BaL. 35Tob  5@Lgomodls
sOg50ymazgomo f € L(R?) g9b]3os, dmdmobngolsi Lod@sgamy

{yeTly: Dp ([f,2) =00 0.9}

>0l dgmmyg go@gam@ools s, dgogyo, 3mbEobyydols Loddensg-
®ols.

Ygae 44 godzeson B € Bygey N By N BrL. 3506 s@Lydmdls
ng—boa(f)oggg, AmdgeoE Mol dgm®g 3oBgam®dool s Vg gy e
30b@0bygdol Loddgsg®ol.

30894300, ®m3 B 35boll o3l bybdo dgbogmgobols mgolgds,
0 gmggeo sosgemymgomno f € L(R™) gabdioobsmngols

{z: f(z) <Dp([ [ x) < oo}

Lod®sgeg >®ol byeo bmdol. Jg3b0dbmm, @mmd 3. agLdsbol s
9. dgbsdpaglol Ygpgaol dogom (ob. [5, Ch. IV, §3]) ymggm
B € Byrey N Bpr N Byr d0bobl oJgb bgbdo dgbogmgohols mgo-
Bgds. oz dg3608bmm, mmd [17]-Bo bs3mgbos 0bFgdgomgdolisysb
Ygagbogn d5Bolms gu®m bmgswo gmslo, @mdgmlsi ofgm Ly-
Lo dgbogmgohol mgoligds.

Y930930 ©gdgmgds 253m3obsmgmdls 4.3 Fgogaowsb.

dgga0 43, godgso B € Bywe) N Brp N Byl 0g ©odsdgoom
3bmdo@os, ™3 B 35%0LL oJgl Lgldo dgbogmgobol mgolgds,
35906 5@LgomdlL dgmMyg 35BJaM®00l s, Fgogyse, 3mbGobyyndols
boddgog@ols Ry 1~bodmsgamy.
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Gopoboi bgdoldogdo B € Byge) dsbobobogol Wi (W,
Rp1, Rp1)-bod@sgang s@ol Wg (Wi, Rp, Rp)-Lod@sgag, do-
Bm3 4.1-4.5 99093900056 25dm30bsmgmdgb Yglsdsdolo ©gdy-
wgdo Wi (W5, R, RE)-bod@sgmggdobogol, jgodme, 4.2 9g0g-
30050 253m30bsmgmdls Vgdpgyo gogmgds.

9930 4.6. gndazsmn B s@ol Lodgdmogmo dsbobo Bygz) N By N
BN geoobogsb. d5Tob:

1) s®5939Hgl mgmoo E C I'y Lod@sgmyg stol Wp (Wg)-
Lod®ogemg d5B0b s dbmeme 35Tob, OdmEgbsi E smol Lbodgd-
©0%E0;

2) >@5939Hab mgmopo E C Ty Lodosgmy smolb Rp (RE)-
Lodm@sgemg 35Tob s dbmgme 35Y0b, dmeglsi £ s®ol Lodgd-
@ogmo s G5 Godob.

4.1 ogmegds s dobo Yggagoo, B =1 gdmbgggsBo, ©sd@go-
(39990 oym [14]-Fo.

dgbyog 3omMog®oxgBo Imzgdygmos Wi o Rp-Loddsgmggdols
begmo sbosbosmgds dsbobms Logdome gsdmm gesbolsmgol.

3 3oMo 05635 [6] woseyobs W s R-Lod®msgmggool Loygmo
Eobslosmgds, Lobgmemd®, [6]-TFo ©sd@g0(390gmos, OmI:

1) E C Ty Lodmsgmyg s@ol W-Lod@sgmy 3580b ©s dbmmeme
3530b, ®m@3s> E s®olb Lodg@®ogmo s Gs, Bodob.

2) E C I'y Lod®sgmyg s@ol R-Lodmsgmyg 35Pob s dbmgme
3530b, mm@3s E ool Lbodg@®mogmo s Gs @odob.

[6]-F0 Yg3mmsgsbgdgmo ©sd@3039d0L bgdol gsbgomsmgdols
dg93gmdom, hggb @ogoyobgmn Wi s Rp-lLod®sgmggdol @obo-
Losmgds dsbobms godmm gasbolbmgol. 3g@dme, Lsds@maosbos
999090 0gmegds.
mamﬁaaé 5.1 0g B € %I(RQ) N B N B N Bar d5Dolls 0{131)
SM5Mg geosdgmo bgg@gmo dmsmBogdol gubdios, jgmdme, my
B e %I(RQ) N Bgr N Byr N By (OB. 9gds 1.4), d>Tob:

1) gmggeo Lodgd®ogmo G5, Godolb E C I's Lod@sgmyg s®ols
Wg 1-bod®@sgmg;

2) ygmggmo Lodgpoogmo Gs Bodolb E C Iy Lod®msgemyg s®ols
Rp 1-Lod®sgey.
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0gm®gds S5.1-0b 3omggmo Fobowswgds doomgds dgmMgesbh my-
m®93d> 3.3-0l Logydggmby.

31 s 3.2 ogmegdgdol yomgsmolifobgdom mgm®mgds 5.1-wsb
doomgds Ygdgao ©gogegds.
‘Ygga0 3.1 oy B € %I(RQ) N*Brr NB1 NBrL Lodg@®ogee dsbolls
543U s@sMgygmemygmo bgg@mamo dmo®mBogdol g3bi30s, ggmdme,
09 B s@ol Lodgp@ogmo s B € Byge) N Bpr N By NBNe, d>Dob:

1) E C I'y séol Wg1-bodmsgmyg 85806 ©s dbmeme 3580b,
amEgls E s®ol Lodg@@mogmo s G5, GHodol;

2) E C Ty s®ob Rp1-Loddsgemg 85T0b ©s dbmmme 35Y0b,
amEglsa E s®ol Lodg@mogmo s G5 Godob.

‘H(‘JQ:]&O 2.2. 0g B e %I(R% N Ber N B N BNL 1)083@)6)0"{]@ d5bolsls
53l sMmsMgygmsdgmo bggdgmo dms®Pogdols ggbdios, ggmdme,
09 B s®0l Lbodg@mogmo s B € %I(RQ)Q%BFH%HIQ%NL, d>Tob:
1) E C I's séolb Wp-lLodcdsgmyg 35906 ©s dbmmme 3530b,
OmEglsa E s@ol Lodg@@mogmo s G5, GHodol;
2) E C I'y @0l Rp-Lodmsgemyg 35906 ©s dbmeme d5Y0b,
amEglsi E s®ol Lodg@mogmo s G5 Godob.

0gmmgds 5.1-0l 333039050 sggdgmo ggbdiEos ®gdgmmdls
OMymO3 sEgdom, obggg PoMymgom dboYgbgemdgdl. sdo@md
0gmmgds 5.1-0b ©sdE 303900l Fgomeo > agsdemggl LsBygsemg-
5L ogobabosmmm W;‘ o RE-boaﬁ)ogjgaabo. 993603bogm, ™I
Wg © RE Lod@ogmggdol @obsbosmgdol sdm@sbs @oss B =1
Ygdmbgggodo go.

399J3bg 35MsyMo8T0 sy gdgmos Lobygmsmgmo mgdgy-bEow-
Boglol bmdgdo, MmImgdlsi 5dgmn momJdol yggmash "smsd@m-
bo@0" Lodygommgdo.

9593~ bEomEogbol 1 bmdol s B dsbolobmgols
- — 1(R)

, p1(R)
D ,T) = lim —, D ,T) = lim —_—
5 ) ReB(z),diam R0 |R| D5l ) REB(x),diam R—0 ||

®03bggol gfmegos 1 bmdol bgws s Jgges Fomdmgdygmo B
d5bolols d0dsmm x Fgom@oPo. w0y bgs ©s Jgges Fomdmgdgmgdo
9003dsbgol gdmbgggs, 35Tob dsm Log@mmm 3b60Tdgbgemmdsl gfmwgds
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© bemdol Foddmgdgmo B d5bolol dodsdn = FgoGomBo o
s@0b0Tbgds V9dpgabsods Dp(u, ).

3009430m, O®md B d5bolo soggmgbiomgdl 1 @gdgy-LEom-
®ogbol bmdsl, o7 Dp(i, ) sOlgdmdl momnddol ygmggmo = € R"-
Logols;

9593~ LEomEogbol 1 bmdsl gfmegds:

e Lobygmomymo, 0y sOLgomdls dm@gmols £ Lod®sgmg olig-
00, O3 |E| =0 > pu(A) = u(ANE) gmggmo dm@gmols
A Lod@sgmolmgols;

* ©olg@gHgmo, g 3ol o5Jab Lobg: =D,y Mida,, Logss
my > 0 ©5 0, 5®0L oMs30L bmds, Mmdol Loydwgbo
>®ol ar Fg®@ogo.

3boos, ®™MI ymggemo olig®gdgmo mgdga-LEomEGoglol bmds
@0l Lobygms®yeo.

@bmdognos, ®m3d (ob., dop., [21, Ch. V, §7]) og pu s®ols Lob-
YO0 gdga-LEomEoglol bmds, d5Tob

Dq(p,z) =0 momgddol gggmesh.

Lobygms®gmo @gdga-bEom@oglol bmdgdo 3omasggh "JoOmds-
mool"  mg0lgosl, oy Q YgEgmomos bgdoldog®o dg®mol do-
do®m0  0b63M0sb@Pmo  dsbolom, OmIgmoi o@ SEogg@gbomgdl
L(R™)3e05bL. gg0m 3gdoa, bsds@mgmosbos dgdwgyo mgme@gds.

ogmigds 6.1 6gd0Ldogmo dg@ol dodoGm 0bgo®mosb@gmo B ds-
bolbobogol, ®mIgmoi o® >5©0xgMgb3zomgdl L(R™)-L, s®lgdmdl
©obg@gB o Lobdgmo @gdga-LEomGogbol bmds p, obgmo, G™I

Dp(p,z) =0 0onddol yggemash.

B =1 993:mbggg5T0, mgm@gds 6.1 godmdpobs®@gmdls g. 3o@oye-
@0sbols [7] Ygpgyoesb R™"-3o dgdmbggzomo bmdgool Jgbobgo.
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Topicality of Research. The study of the influence of a change
of variable on analytical properties of a function is one of the im-
portant problems in harmonic analysis. The following two main
questions were the object of research in this direction: 1) Is it
possible to achieve fulfillment of a given analytical property of a
function by means of a change of variable of given type? 2) What
kind of changes of variable conserves a given analytical property of
a function? In connection with above mentioned problems, the im-
portant results were obtained by H. Bohr, A. Beurling and H. Hel-
son, A. Olevskii, J.-P. Kahane and Y. Katznelson, A. Saakyan,
U. Jurkat and D. Waterman, A. Baerstein and D. Waterman, in
the case, when analytical property of a function is an uniform or
absolute convergence of Fourier trigonometric series and a change
of variable is a homeomorphism of torus. The possibility of im-
provement and conservation of function differential properties by
means of homeomorphic mapping were studied by E. Brukner and
C. Goffman, M. Laczkovich and D. Preiss. Abovementioned results
are given in the review work by Olevskii [11] and in the monograph
by C. Goffman, T. Nishiura and D. Waterman [4].

The study of the influence of a choice of coordinate axes (i.e.
changing a variable, which is a rotation around the origin) on the
properties of summable functions of several variables was initi-
ated by A.Zygmund, in particular, he posed a problem concern-
ing the possibility of achieving strong differentiability by means
of rotations. The problems on the possibility of achieving and
conservation of the properties of strong integral means’ conver-
gence, convergence of multiple Fourier series and Fourier integrals
in Pringsheim sense and belonging to the classes of functions with
bounded variation in various senses in case of rotations, were stud-
ied by J. Marstrand, B. Lopez-Melero, A. Stokolos, G. G. Oniani,
G. Lepsveridze, G. Karagulyan, M. Dyachenko and O. Dragoshan-
skii.
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The Aim of Dissertation. The proposed dissertation is aimed
at: the study of A. Zygmund’s problem on possibility of achieve-
ment of strong differentiability of an integral by means of a ro-
tation (i.e. choosing coordinate axes) for general classes of bases;
investigation of question of conservation of integral differentiation
property in case of rotations for translation invariant bases consist-
ing of multi-dimensional intervals; the study of singularities from
the standpoint of differentiability of the integral with respect to
a given basis, which may have a fixed function for various choices
of coordinate axes; the study of differential properties of singular
Lebesgue-Stieltjes measures.

Research Novelty.

1) There is given a solution of A. Zygmund’s problem for
Busemann-Feller and homothecy invariant bases, in par-
ticular, it is established, that if a basis of such type is
nonstandard (i.e. if it does not differentiate the integral of
some summable function), then there exists a function for
which the differentiability of integral can not be achieved
by means of rotations;

2) It is established that for an arbitrary translation invariant
nonstandard basis consisting of multi-dimensional inter-
vals, integral differentiation property is not conserved in
case of rotations;

3) It is introduced the definitions of sets of singular rotations.
These sets express the singularities, which may have a fixed
function for various choices of coordinate axes from the
standpoint of differentiability of the integral with respect
to a given basis. It is established topological structure of
sets of singular rotations;

4) It is given a characterization of not more than countable
sets of singular rotations for an arbitrary translation in-
variant nonstandard basis formed of two-dimensional in-
tervals;
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5) It is given a complete characterization of sets of singular
rotations for an arbitrary Busemann-Feller, homothecy in-
variant, nonstandard and symmetric basis formed of two-
dimensional intervals.

6) It is established that singular Lebesgue—Stieltjes measures
do not have the property of vanishing of means almost ev-
erywhere for any translation invariant nonstandard basis.

Approbation of Work. The dissertation results have been pre-
sented at V International Conference of the Georgian Mathemat-
ical Union (September 8-12, 2014, Batumi, Georgia); VI Inter-
national Conference of the Georgian Mathematical Union (July
12-16, 2015, Batumi, Georgia); Swedish—-Georgian Conference in
Analysis & Dynamical Systems (July 15-22, 2015, Thilisi, Geor-
gia); International Conference “Function Spaces and Function Ap-
proximation Theory” dedicated to the 110th anniversary of Aca-
demician S. M. Nikolskii (May 25-29, 2015, Moscow, Russia); In-
ternational Conference “Harmonic Analysis and Integral theory”
dedicated to the 80th Jubelee of Professor V.A. Skvortsov (Sep-
tember 23-24, 2015, Moscow, Russia).

Publication. There are published six scientific works, which are
listed below the text of this author’s abstract.

The size and the structure. The dissertation contains 80 pages.
It consists of the introduction, six sections and bibliography. The
bibliography contains 32 names.

Content of Dissertation

First let us introduce some definitions and recall some results
from the differentiation theory of integrals.

A mapping B defined on R" is said to be a differentiation basis
if for every x € R", B(x) is a family of bounded measurable sets
with positive measure and containing x, such that there exists a
sequence Ry € B(x) (k € N) with klg](r)lo diam Ry, = 0.
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For f € L(R™), the numbers

— — 1 1
Du(f1)= Jo 1 |1 Da(it.0) i |1
diam R—0 diam R—0

are called the upper and the lower derivative, respectively, of the
integral of f at a point x. If the upper and the lower derivative
coincide, then their combined value is called the derivative of [ f
at a point x and denoted by Dp([f,z). We say that the basis
B differentiates [f (or [f is differentiable with respect to B) if
Dg([f.,z) = Dp([f,x) = f(z) for almost all z € R™. If this is
true for each f in the class of functions X we say that B differen-
tiates X.

Denote by Q = Q(R™),I = I(R") and P = P(R") the bases of
for which:

e Q(z) (x € R™) consists of all open n-dimensional cubic
intervals containing x;

e I(x) (z € R™) consists of all open n-dimensional intervals
containing x;

e P(z) (x € R") consists of all open n-dimensional rectangles
containing x.

Note that differentiation with respect to Q and I are called
ordinary and strong differentiation, respectively.

About the bases Q, I and P there are known following funda-
mental results (see e.g. [5]):

The basis of cubes Q differentiates L(R™) (A. Lebesgue, 1910);

The basis of intervals 1 differentiates L(1 + In™ L)"~1(R")
(B. Jessen, I. Marcinkiewicz and A. Zygmund, 1935);

The basis of intervals I does not differentiate L(R™), moreover,
I does not differentiate any integral class o(L)(R™) wider than
L(1+1In™ L)"~Y(R") (S. Saks, 1935);

The basis of rectangles P does not differentiate even the class
L>*(R™) N L(R™) (A. Zygmund, 1927).

For a basis B, we denote by B the union of families B(z) (z €
R™).
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A basis B is called:

translation invariant (briefly, TI-basis) if B(z) ={z+ R: R €
B(0)} for every x € R™;

homothecy invariant (briefly, HI-basis) if for every x € R", R €
B(z) and a homothethy H with the centre at x we have that
H(R) € B(x);

formed of sets from the class A if B C A;

convez if it is formed of the class of all convex sets;

Busemann—Feller basis if it is formed of open sets and the fol-
lowing condition holds: (x € R" R € B(z),y € R) = R € B(y).

Let us introduce the following notation:

B is the class of all translation invariant bases;

By is the class of all homothecy invariant bases;

By is the class of all Busemann—Feller bases;

B is the class of all bases which does not differentiate L(R™).

Note that if B € Bpp N By, then B € By (see e.g. [12,
Ch. 1, §3]).

A basis B is called sub-basis of a basis B'(denoted as B C B’)
if B(x) C B'(z) for every € R™. For a basis B by Bp we will
denote the class of all sub-basis of B.

The mazimal operator Mp and truncated mazximal operator Mg
(6 > 0) corresponding to a basis B are defined as follows

1
My(f)a) = swp /R il

ReB(z

My = s [,
ReB(z),diam R<§ ‘R| R
where f € Lioc(R") and z € R™.

Note that if B is translation invariant or Busemann—Feller basis,
then for any f the functions Dp ([ f,-), Dg ([ f,"), Mp(f) and
MY (f) are measurable (see e.g. [5] or [12]).

In what follows the dimension of the space R" is assumed to be
greater than 1.

For a basis B by Fp denote the class of all functions f € L(R")
the integrals of which are differentiable with respect to B.
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By I';, denote the family of all rotations in R".
We say that a function f is reduced in the class F' by a trans-
formation of a variable v if foy € F.

The work contains six sections.

In the first section of the work it is studied a problem of A. Zyg-
mund concerning a possibility of improvement of function prop-
erties by means of choosing of coordinate axes(i.e. by means of a
change of variable which is a rotation).

The question on possibility of improvement of a function prop-
erties by means of change of variable has quite rich history. Con-
cerning the possibility of improvement Fourier trigonometric series
behaviour by means of homeomorphic change of variable there are
known important results of H. Bohr, A. Olevskii, J.-P. Kahane
and Y. Katznelson, A. Saakyan (see e.g. [11], [4], [18]).

In the integral differentiation theory the study of the above
mentioned question was began by the following problem of A. Zyg-
mund (see [5, Ch. IV, §2]): Can an arbitrary function f € L(R?) be
reduced in the class F1 by means of a rotation of coordinate axes?

J. Marstrand [10] gave the negative answer to the problem by
constructing a non-negative function f € L(R?) such that fo~ ¢
Fy for any rotation v € I's.

The problem of A. Zygmund in general setting is formulated as
follows: Let B be a translation invariant basis which does not dif-
ferentiate L(R™). Does there exist a function f € L(R™) which can
not be reduced in class Fg by means of rotation of coordinate axes?
To formulate the known results in this direction let us introduce
some definitions.

For a translation invariant basis B by G. G. Oniani (see [12,
Ch. II, §1] or [13]) it was defined the following function

— H{ME () > M

t—00 e—0 |VZ_:|

0< A<,

where V; is the ball with centre at the origin and with the radius ¢.
Here and below everywhere x g denotes the characteristic function
of a set E. We will call og spherical halo function of B.

It is easy to check that:
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1) If B € By is a convex basis, then due to the following
estimation (see [13, Lemma 1)) Mp(xv.)(z) < Ce/dist(z, Vz) (v ¢
Vae) we have

o {Maa) > A,
BN=ETT

2) If B € B N Byx, then

oB(A) = {Mp(xv) > A},

where V' is the unit ball.

For a translation invariant basis B by B. Lépes-Melero [9] it
was introduced the following weak variant of the spherical halo
function

o {MD ) > A
7500) =l =

(0< A<,

Obviously,
53()\) < O’B()\) (0 <AL 1).

We will say that a function o : (0,1) — (0, 00) is non-regular if

lim Ao()\) = cc.
A—0
For n > 2 and 2 < k < n by I} denote the basis for which I}}(x)
(x € R™) consists of all open n-dimensional intervals containing x
and the lengthes of edges of which take not more than k values.
Note that I = 1.
For a basis B denote by Sp the class of all non-negative func-
tions f € L(R™) such that Dp ( [fon, x) = oo almost everywhere
for every v € T'y,.

By A. Stokolos [19], B. Lépes-Melero [9] and G. G. Oniani [12,
Ch. II, §1] (see also [13]), respectively, were established the follow-
ing results.

Theorem A. For everyn > 2 and 2 < k < n the class SIZ 8
non-empty.

Theorem B. If a translation invariant basis B has a non-reqular
weak spherical halo function opg, then the class Sg is non-empty.
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Theorem C. If a translation invariant basis B has a non-reqular
spherical halo function op, then the class Sp is non-empty.

Note that from the estimations: cp(A\) < op(A) and orp(A) >
c% In*1 % it follows the implications: Theorem C = Theorem B

= Theorem A.

The following theorem gives the answer to Zygmund’s general-
ized problem for the class of bases Bgr N By N Bny,.

Theorem 1.1. If B € Bgr N By N By, then the class Sp is
non-empty.

Theorem 1.1 we prove using Theorem C on the basis of the
following Lemma.

Lemma 1.4. If B € Bgr N By N BNL, then B has a non-reqular
spherical halo function.

In the second section the question on the invariance of classes
of functions with differentiable integrals with respect to the class
of transformations of variable consisting of all rotations is studied.

A class of functions with good analytical properties may be
very sensitive with respect to changes of variable. Let us recall the
result of such type belonging to A. Beurling and H. Helson [1]: Let
T be the unit circumference on the complex plane and A(T) be the
class of all continuous on T functions having absolutely convergent
Fourier trigonometric series. For a homeomorphism ~v : T — T we
have that f € A(T) = fo~y € A(T) if and only if v is of the type
v(e™) = ¥+ where k € {~1,1} and a € [—m, 7).

A class of functions F' is called invariant with respect to a class
of transformations of a variable I'if (f € F,y€T')= fo~v € F.

Thus the only homeomorphisms with respect to which the class
A(T) is invariant are rotations, conjugation and their composi-
tions. In particular, there exists a dipheomorpism v : T — T with
respect to which A(T) is not invariant.

The dependence of the properties of functions of several vari-
ables on a choice of coordinate axes (i.e. on a rotation of the stan-
dard orthogonal coordinate system) were studied by different au-
thors.
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From the results of G. Lepsveridze [8], G. G. Oniani [14] and
A. Stokolos [20] it follows that the class Fy is not invariant with
respect to linear changes of a variable, in particular with respect to
rotations. An analogous result was established by O. Dragoshan-
skii [2] for the class of continuous functions of two variables, having
an a.e. converging Fourier series (Fourier integral) in Pringsheim
sense.

G. Karagulyan [6] gave, in the two-dimensional case, a com-
plete characterization of singularities from the standpoint of dif-
ferentiability with respect to a basis I which may have the inte-
gral of a fixed function for various choices of a coordinate sys-
tem. The multi-dimensional aspect of this question was studied
by G. G. Oniani [15].

M. Dyachenko [3] considered a problem of invariance with re-
spect to I'y of two-dimensional classes of functions with bounded
variation in various senses.

The result on the non-invariance of the class Fy with respect
to rotations can be extended to bases of quite general type. In
particular, the following theorem is true.

Theorem 2.1. If B € By N B N BN, then the class Fp is not
mvariant with respect to rotations, moreover, there exists a non-
negative function f € Fy such that f o~y & Fp for some v € T'y,.

Note that if B differentiates L(R™), then the question on the
invariance of the class F'g with respect to rotations is trivial, in
particular, taking into account that a rotation is measure preserv-
ing mapping we conclude the invariance of Fp with respect to
rotations.

In the third section there are introduced definitions of sets of
singular rotations and there are established some results concern-
ing their structure.

Let B be a basis in R™ and ~ € I',,. The ~-rotated basis B is
defined as follows

B(y)(z)={z+v(R—=x): Re B(z)} (zeR").
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Suppose B is translation invariant. Then it is easy to verify that
the differentiation of the integral of a “rotated” function f o~ with
respect to B at a point z is equivalent to the differentiation of the
integral of f with respect to the “rotated” basis B(y~!) at a point
7~ 1(z). Consequently, we can reduce the study of the behavior of
functions f o~ (y € I'y,) with respect to the basis B to the study
of the behavior of f with respect to rotated bases B(y) (y € I'y,).

Let B be a basis from the class 81 N B N Byr,. By virtue of
Theorem 2.1 there exists a function having a non-homogeneous be-
haviour with respect to rotated bases B(7) (v € I'),), more exactly,
J f is not differentiable with respect to B(y) for some rotations
and [ f is differentiable with respect B(y) for some ~ rotations.
Thus for f some rotations 7 are “singular” (non-differentiability
with respect to B(7y)) and some rotations vy are “regular” (differen-
tiability with respect to B(7y)). In this connection naturally arises
problem: what kind of may be sets of singular and of regular rota-
tions for a fixed function? Note that by duality argument we can
restrict ourselves by studying sets of singular rotations.

The posed problem for the case of strong differentiability process
(i.e., for the case B = I) was studied in works of G. Karagulyan [6],
G. G. Oniani [12, 14, 15], G. Lepsveridze [8] and A. Stokolos [20].

In connection to the posed problem let us introduce rigor def-
inition of a set of singular rotations: Suppose B is a basis in R?
and E C I'g. Let us call E a Wg-set if there exists a function
f € L(R?) with the following two properties:

[ ¢ Fp(, forevery v € E;
[ € Fp(y) forevery v ¢ E.

Let us introduce also the definition of a set of ”strongly” singular
rotations: Suppose B is a basis in R? and E C I's. Let us call E
an Rp-set if there exists a function f € L(R?) with the following
two properties:

Dgy) ([ f.x) = 0o ae. for every v € E;
[ € Fp(y) for every v ¢ E.
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It is clear that each Rp-set is Wp-set.

When B = I we will use terms W-set and R-set. The defini-
tions of an R-set and of a W-set were introduced in [14] and [6],
respectively.

Now the problem can be formulated as follows: For a given basis
B what kind of sets are Wp-sets (Rp-sets)?

The following theorems give necessary conditions of topological
character for sets of singular rotations.

Theorem 3.1. For arbitrary translation invariant basis B in R?
each Wp-set has Gs, type.

Theorem 3.2. For arbitrary translation invariant basis B in R?
each Rp-set has Gg type.

For the case of W and R sets Theorems 3.1 and 3.2 were proved
by G. Karagulyan [6] and G. G. Oniani [14], respectively.

Let us introduce the following generalizations of notions of a
Wp-set and of an Rp-set:

Let B and H are bases in R" with B C H and F C I',,. Let us
call E a Wg g-set (W5 -set), if there exists a function f € L(R")
(f € L(R™), f > 0) with the following two properties:

[ & Fp(y) for every v € E;
f € Fyy forevery v ¢ E.

Let B and H are bases in R" with B C H and F C I',,. Let us
call E an Rp g-set (R}, ;-set), if there exists a function f € L(R")
(f € L(R™), f > 0) with the following two properties:

EB(W) (ff,x) = o0 a.e. for every v € E;
[ € Fpy) for every v ¢ E.
If B = H, then instead of W}, g-set (R}, z-set) we will use term
Wi-set (RL-set).
Remark 3.1. It is clear that:
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1) If B = H, then the notions of Wp g-set (Rp p-set) and of
Wp-set (Rp-set) coincide;

2) each Wg}H(REH)—set is Wp u(Rp,u)-set;

3) each WB,H(W];H, Rp H, R}_S’H)—set is Wg(W3, Rp, RE)—set.

Remark 3.2. Taking into account conclusions of Remark 3.1 from
Theorems 3.1 and 3.2 we have: If B and H are translation invariant
bases with B C H, then:

1) each Wp g-set is of G5, type;

2) each Rp g-set is of G type.

Consequently, taking into account Remark 3.1 again we have
also that: each Wg} y-set and each WE -set is of G, type; each

R} -set and each Rj-set is of G type.

Theorem 3.3. For arbitrary bases B and H with B C H not
more than countable union of Rp p-sets (REH—sets) 1s Wp -set

(ngH—set).

For non-empty sets £ C I's and Fy C I's denote E1FEs =
{11072 :71 € E1,72 € E}. A set E C I's let us call symmetric if
E =1IF.

A basis B in R? let us call symmetric, if B(y) = B for every
v € II. Note that the basis I(R?) is symmetric.

Remark 3.3. Let bases B and H with B C H are given. It is easy
to see that if B is symmetric, then each WB,H(W§H7 Rp u, RE H)—
set is symmetric.

In the forth section some classes of sets of singular rotations are
found. From obtained results it follows a characterization of not
more than countable sets of singular rotations for symmetric bases
from the class ‘BI(RQ) N B N BN,

Theorem 4.1. Let B € Byrey N B N BrL. Then for every not
more than countable set E C 'y and for every sequence of its
neighbourhoods (Vi) there is a non-negative function f € L(R?)
such that:

1) For every v € E, ﬁB(w)(f fyx) = oo almost everywhere;
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2) For every k € N, f € Fypamv,)- Consequently, for every
v & Mhey IVi we have that f € Fy(,;

3) If for v € T’y the condition EB(’y)(f fyx) = oo is wvalid for
points from some set of positive measure, then the same condition
1s valid almost everywhere.

Corollary 4.1. Let B € Bygey) N B N By Then:

1) every not more than countable symmetric set E C I'y is a
W§7I-set;

2) every not more than countable symmetric set of Gs type is a
REI—set.

Taking into account Theorems 3.1 and 3.2 from Corollary 4.1
we derive the following result.

Corollary 4.2. Let B is a symmetric basis from the class Bygz)N
B N Bny,. Then:

1) not more than countable set E C T'y is a Wp r-set (W -set)
if and only if E is symmetric; 7

2) not more than countable set E C I'y is a Rp 1-set (RE’I—set)
if and only if E is symmetric and of Gg type.

From Theorem 4.1 we also derive the following result.

Corollary 4.3. Let B € %I(R2) N B N Bnr,. Then there is a
non-negative function f € L(R?) for which the set
{yeTly:Dpy) ([fiz) =00 ae}

s of the second category and consequently, of the continuum car-
dinality.

Corollary 4.4. Let B € Bygz) N Br1 N Bn. Then there is a
ng—set of the second category and consequently, of the continuum
cardinality.

Let us say that a basis B has weak Besikovitch property if for
every non-negative function f € L(R™) the set

{z: f(z) < Dp([f x) < oo}
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is of zero measure. Note that by virtue of the result M. de Guzmén
and M. Mendrguez (see [5, Ch. IV, §3]) every basis B € Bype) N
Bpr N By has weak Besikovitch property. Here we note that in
[17] it is found more general class of bases B € Byg2) having weak
Besikovitch property.

The next assertion follows from Corollary 4.3.

Corollary 4.5. Let B € Bygey N B N By If, additionally,
it is known that B has weak Besikovitch property, then there is a
Rgl—set of the second category and consequently, of the continuum
cardinality.

Since for any basis B € Byge) each WB,I(WE’I, Rp1, RE’I)—set
is Wg (Wg, Rp, Rj;)-set, Corollaries 4.1-4.5 imply corresponding
results for Wp (Wg ,Rp, RE,)—setS, in particular, Corollary 4.2 im-
plies the following result.

Corollary 4.6. Let B is a symmetric basis from the class Bygrz)N
Brr N BN, Then:

1) not more than countable set E C Ty is a Wg-set (Wi -set) if
and only if E is symmetric;

2) not more than countable set E C Ty is a Rp-set (Rf-set) if
and only if E is symmetric and of Gs type.

Theorem 4.1 and its corollaries given above for the case B =1
were proved in [14].

In the fifth section we give a complete characterization of Wg-
sets and Rp-sets for a quite wide class of bases

G. Karagulyan [6] gave complete characterization of W-sets and
R-sets, namely, in [6] it was proved that:

1) a set E C Ty is W-set if and only if E is symmetric and of
Gso type.

2) a set E C 'y is R-set if and only if E is symmetric and of
G type.

Developing the scheme of proof suggested in [6], below we es-
tablish a characterization of Wg-sets and Rpg-sets for a quite wide
class of bases.



39

It is true the following theorem.

Theorem 5.1. If a basis B € ‘BI(RQ) N Bpr N B N By, has
non-regular spherical halo function, in particular, if B € Bygz) N
Bpr N By N By (see Lemma 1.4), then:

1) every symmetric set E C I's of G5, type is Wp 1-set;

2) every symmetric set E C I'y of G type is Rp 1-set.

The first statement of Theorem 5.1 we derive from the second
one on the basis of Theorem 3.3.

Taking into account Theorems 3.1 and 3.2 from Theorem 5.1
we obtain the following result.

Corollary 5.1. If a symmetric basis B € Byprzy N Bpr N B N
Bnr, has non-regular spherical halo function, in particular, if B is
symmetric and B € %I(Rz) N Bpr N By N Byi, then:

1) a set E C I'y is Wgi-set if and only if E is symmetric and
of Gso type;

2) a set E C T'y is Rp1-set if and only if E is symmetric and
of G5 type.

Corollary 5.2. If a symmetric basis B € Bygzy N Bpr N Br1 N
BN, has non-reqular spherical halo function, in particular, if B is
symmetric and B € Bygzy N Bpr N Bur N B, then:

1) a set E C T’y is Wp-set if and only if E is symmetric and of
Gso type;

2) a set E C 'y is Rp-set if and only if E is symmetric and of
Gy type.

The function constructed in proof of Theorem 5.1 take values
both of positive and negative sign. Therefore the method of proof
of Theorem 5.1 does not allow us to characterize Wg—sets and
Rg—sets. Note that the problem of characterizing of Wg -sets and
Rg—sets remains open even for the case B =1.

In the sixth section we construct singular Lebesgue-Stieltjes
measures having non-vanishing means almost everywhere.
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For a Lebesgue—Stieltjes measure p and a basis B, the numbers

- T 1(R)

D = 1 —_—
Bk, ) REB(J:)}g;m R—0 |R|’

Dpwr)=  tm A0

REB(z), diam R—0 |1

are called the upper and the lower derivative with respect to B,
respectively, of p at a point x. If the upper and the lower deriva-
tive coincide, then their common value is called a derivative with
respect to B of p at a point x and denoted by Dp(u,x).

A basis B is said to differentiate a Lebesgue—Stieltjes measure
wif Dp(p,x) exists for almost all x € R™;

A Lebesgue—Stieltjes measure y is called:

e singular if there is a Borel set E such that: |E| = 0 and
u(A) = u(AN E) for every Borel set A;

e discrete if it has the form: p = ), .y M0, , where my, > 0
and dg, is the Dirac measure supported at a point ay.

It is obvious that each discrete Lebesgue-Stieltjes measure is
singular.

It is well known that (see e.g. [21, Ch. V, §7]) if u is a singular
Lebesgue—Stieltjes measure y, then

Dq(p,z) =0 almost everywhere.

Singular Lebesgue—Stieltjes measures lose the “vanishing” prop-
erty if Q is replaced by an arbitrary translation invariant basis
which does not differentiate L(R™). Moreover, it is true the fol-
lowing result.

Theorem 6.1. For every translation invariant basis B which does
not differentiate L(R™) there exists a discrete finite Lebesque—Stiel-
tjes measure p such that

Dp(p,x) = 0o almost everywhere.

For the case B = I, Theorem 6.1 follows from a result of
G. Karagulyan [7] about random measures in R".
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